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Integral variational principles are proposed for nonstationary beat 
conduction problems. These 1cad to integration of the wave equation 
of heat conduction or the Fourier beat conduction equation with the 
initial and boundary conditions. 

Many s tud ie s  [1-11]  have been devoted  to the v a r i a -  
t iona l  f o r m u l a t i o n  of n o n s t a t i o n a r y  p r o b l e m s  of hea t  
conduct ion.  Mos t  of t h e s e  s tud ies  involve  the Blot  in -  
t e g r o d i f f e r e n t i a l  v a r i a t i o n a l  p r i n c i p l e .  In the Blot  
p r i n c i p l e  the  v a r i a b l e  e x p r e s s i o n  is a funct ion of t ime  
s ince  it i s  r e p r e s e n t e d  in the  fo rm of def in i te  i n t e g r a l s  
only with r e s p e c t  to the  s p a c e  c o o r d i n a t e  s. A c c o r d i n g l y ,  
in the a p p r o x i m a t e  so lu t ion  of hea t  conduct ion p r o b -  
l e m s  the Blot  p r i n c i p l e  i s  used  t oge the r  with the Kan-  
t o r o v i c h  me thod  which r e d u c e s  the p r o b l e m  to the s o -  
lut ion of s y s t e m s  of o r d i n a r y  d i f f e r en t i a l  equat ions  
with r e s p e c t  to t i m e ,  and not  with the Ri tz  method ,  
making  i t  p o s s i b l e  to r e d u c e  the p r o b l e m  to the so lu -  
t ion of s y s t e m s  of a l g e b r a i c  equa t ions .  

In th i s  p a p e r  we p r e s e n t  i n t e g r a l  v a r i a t i o n a l  p r i n -  
c ip l e s  that  p e r m i t  the so lu t ion  of n o n s t a t i o n a r y  hea t  
conduct ion p r o b l e m s  by the Ri tz  method.  The m i x e d  
p r o b l e m  of hea t  conduct ion was p r e v i o u s l y  f o r m u l a t e d  
as  a v a r i a t i o n a l  p r o b l e m  in [12]. But the n a t u r a l  cond i -  
t ion of s t a t i o n a r i t y  of the funct ional  p r o p o s e d  in [12] i s  
not  the d i f f e r e n t i a l  equat ion of hea t  conduct ion but s o m e  
equiva len t  i n t e g r o d i f f e r e n t i a l  equat ion.  

In f o r m u l a t i n g  the v a r i a t i o n a l  p r i n c i p l e  of hea t  con-  
duct ion we s t a r t  f r om the wave equat ion of hea t  conduc-  
tion r e c e n t l y  d e r i v e d  by K a l i s k i  [13]. The h y p e r b o l i c  
type of th is  equat ion e n s u r e s  a f in i te  r a t e  of p r o p a g a -  
t ion of the t h e r m a l  p e r t u r b a t i o n s ,  which  i s  p a r t i c u l a r l y  
i m p o r t a n t  in p r o b l e m s  in which,  a p a r t  f r o m  t h e r m a l  
e f fec t s ,  i t  i s  n e c e s s a r y  to take  into account  the in-  
f luence  of o ther  f i e lds  ( e l e c t r o m a g n e t i c ,  e l a s t i c ) .  

In the second  and t h i r d  p a r t s  of th is  p a p e r  d i f f e ren t  
v a r i a t i o n a l  f o r m u l a t i o n s  of the F o u r i e r  hea t  conduc-  
t ion equat ion a r e  p r e s e n t e d .  

1. V a r i a t i o n a l  f o r m u l a t i o n  of the wave equat ion of 
hea t  conduction~ Let  a p r o b l e m  of hea t  t r a n s f e r  t heo ry  
be g iven  in the fol lowing f o r m :  f ind the so lu t ion  of 
the hea t  conduct ion equat ion [13] 

(kT,i).i=xpcT+pc'F P~D, t > O  

with boundary  condi t ions  

(1) 

r=f (P ,  t) P~B,, l > O ,  (2) 

kTa=q(P, t) P~B~, 1 > 0  

and in i t i a l  condi t ions  

(3) 

T = ~ ( P )  P 6 D ,  t = 0 ,  (4) 

gT  = x T ( P )  P~D,. t = 0 .  (5) 

If the r e l a x a t i o n  coef f i c ien t  r = 0, then Eq. (1) and 
r e l a t i o n s  (2) - (5)  r e d u c e  to the F o u r i e r  hea t  conduct ion 
equat ion and the c o r r e s p o n d i n g  bounda ry  and in i t i a l  
condi t ions .  

We wi l l  show that  p r o b l e m s  (1) - (5)  can be f o r m u -  
l a t ed  as  a v a r i a t i o n a l  p r o b l e m .  

We denote  the convolut ion  i n t e g r a l s  with r e s p e c t  to 
t ime  t by 

It 

A ~ B =  IA(P, t)B(P, tl--t)dt (6) 

and in t roduce  the func t iona l  

t S {kT ~ T ~ +  ,9cT.6<T+ 9cT:~T + t = - ~  , 
D 

+2,9c[T(P, O)--O(P)]  7"(P, t a )+  

+ P c [T (P, 0) - -  209 (P)l T (P, tl) - -  

- -  2 ,  0 c ~ (P) T (P, ll) ) d V  - -  

--~ q*rcts--j'~(T--i)*T ,n,dS. (7) 

BI B z 

We have the following variational principle: for a 

true temperature distribution satisfying Eq. (i) and 
conditions (2)-(5) in the time interval (0, tl) the func- 

tional (7) has a stationary value, i. e., 

~ I = 0 .  (8) 

In fact, forming the first variation of functional (7) 
and transforming it using the Ostrogradskii formula, 

we obtain 

5I = f {[--(kT 3a+pcT + ~pcTl:~6T + 
D 

+ pc[T(P, 0) -- (D(P)] [ST(P, tl) +~62;(P, t~)] + 

+ ,p c [~ (P, 0) - -  ~ (P)I ~ T (P, tO} dV + 

+ ~ (kT a -- q) q< 6 TdS -- 
B~ 

-- j~  ~nzdS. (9) 

Bz 

Given the fundamental lemma of the calculus of 
variations, the validity of the above variational princi- 
ple follows directly from relation (9). 
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2. Variational formulations of the Fourier  heat 
conduction equation. When r = 0 functional (7) s im- 
plifies to the form 

1 S{kTi~Tt+pc~ggT+pc[T(p ' O ) - -  t ~ - - ~  . 
l) 

-- 2qP(P)IT(P, t~)}dV-- 

--f  (lO) 
Bt B~ 

The stationarity conditions of functional (10) are 
the equation 

(kVa),,=pcT P~D, t > 0 ,  (11) 

boundary conditions (2), (3) and initial condition (4). 
Functional (10) can be reduced to ~canonical formn: 

I = I  S{ - -1G,*G,+pcT*T- -  
D 

- -  26, ~< T,, + 9 c IT (P, 0) -- 2r (P)] T (P, tl)} d V  - -  
] 

(12) 
Bt B~ 

Here, the independent variable functions are T and G i. 
Correspondingly, the Euler-Lagrange equations of 
functional (12) will be 

p c T =  -- G~,~, (13) 

1 
T,~ = ~ -7-Gv (14) 

Systems (13), (!  4) are equivalent to Eq. (11). 
3. The Blot variational method. Equation (11) can 

also be represented in the form of the equivalent sys-  
tem 

pcT = --  Hi. v (15) 

T t = - -  i / : /~.  (16) 
k 

The Blot variational equation [2-7] relates precisely 
to system (15), (16) and has the form 

6 1 ~pcT'dV+S 11:l ----~TSHin, dS. -~  L6H~ (17) 
z j  

D D B 

Here, it is assumed that the variable quantities T, Hi 
satisfy Eq. (15), i.e., 

pc~T= --SH~.v (18) 

The idea underlying the construction of the var ia -  
tional equations in the earl ier  sections of this paper 
can also be used to formulate the integral variational 
principle corresponding to integrodifferential equation 
(17). 

To be specific, we will take the boundary and ini-  
tial conditions for Eqs. (15), (16) in the form 

T=f(P, t) P~B, t>O, (19) 

r ~@(P) P ~ D. (20) 

The problem (15), (16), (19), (20) can be formulated 
in the form of the following variational principle: if 
the temperature T and the heat flow vector H i are r e -  
lated by Eq. (15) and initial condition (20) is satisfied, 
then the solution of Eq. (16) with boundary condition 
(19) is such that the variational equation 

D 

+ 2 S f ~< HtnidS} = --~|Hi(P, O)SHt(P, tl)-- 
B 

--H,(P, tl)SH,(P, 0)1 (21) 

is satisfied. 
In order  to demonstrate the validity of this pr inci-  

ple, we used relation (18) and the Ostrogradskii  for-  
mula to reduce Eq. (21) to the form 

D 

- -  2 f (T - - f )*5 / /~n  t dS =0.  (22) 
t J  
B 

Equation (16) and boundary condition (19) follow 
directly from relation (22). 

NOTATION 

T is the temperature; ( ),i is the partial deriva- 

tive with respect to the space coordinate x i, i.e., 

T,i = 0T/axi (i = 1, 2, 3); (") is the partial derivative 
with respect  to time, i. e . ,  T = aT/at;  k is the thermal 
conductivity; �9 is the thermal  relaxation coefficient; p is 
the density; c is the specific heat of material ;  P is the 
point with coordinates xi; D is the region occupied by 
body; B is the boundary surface of body; B1 is the 
part  of boundary surface where the temperature dis- 
tribution is given; B 2 is the res t  of surface where heat 
supply is given; ni are the components of the unit vec-  
tor along the exterior normal  to boundary surface; f 
is the given temperature distribution; q is the given 
heat supply; ~ is the given initial temperature distr ib- 
ution; ~, is the given initial temperature "rate" distr ib- 
ution; H i is the heat flux vector.  
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